Abstract: By selectively breaking parity-time (PT) symmetry for the specific whisperinggallery mode, the single mode lasing has been experimentally demonstrated in a single microring resonator. In this paper, we analyze the modal discrimination to show the robustness of the single mode operation in two different types of PT symmetric single microring lasers: one with the gain/loss grating, and the other with the gain/index/loss grating. We show that they both can exhibit much higher modal discrimination than the conventional microring resonator. The single mode operation is robust even if the gain and loss distribution is quasi-symmetric, i.e., the unbalanced perturbation amplitudes or duty cycles. Therefore, the PT symmetric single microring lasers can provide very stable single-mode operation.
Introduction
The single wavelength operation is one of the primary goals in the semiconductor laser cavity design for many practical applications. Since semiconductor materials tend to be homogeneously broadened, a short cavity design can be used to obtain the single wavelength operation. However, the gain spatial hole burning due to the standing wave pattern within the laser cavity results in multiple-mode operation as the pumping current is increased. Therefore, the single mode operation [1] , [2] can only be supported within a limited range of the pumping current. The key to obtain the stable single mode operation with high injection current is to increase the modal discrimination against other competing modes. Several designs have been adopted to achieve the single mode operation, such as the detuned external cavity design [3] , metallic cavity design [4] , distributed feedback (DFB) gratings [5] , [6] , and photonic crystal cavity design [7] .
An alternative approach by taking advantage of recent explorations of parity-time (PT) symmetry [8] - [11] , is to obtain the single mode operation through engineering the gain/loss in laser cavities [12] - [15] . The concept of PT symmetry is introduced from quantum mechanics and has been applied in the field of optics [16] - [19] . Optical isolators [20] , unidirectional reflectionless metamaterials [21] , and orbital angular momentum microlasers [22] have been experimentally implemented by using PT symmetric structures. Besides, the single mode operation of semiconductor lasers has also been demonstrated in the single microring laser structure [1] . In the single microring resonator, PT symmetry breaking is obtained by introducing the periodic gain/loss distribution that is matched to the desired whispering-gallery mode (WGM) order. PT symmetry breaking is only obtained for the desired WGM order, whereas all the other WGMs remain below the lasing threshold. Thus, the single mode operation can be obtained. However, the detailed analysis of the modal discrimination is needed to determine the robustness of the single mode operation and understand the advantage of the method.
In this paper, we first use a transfer matrix method (TMM) to investigate the threshold modal gain of different modes in the PT symmetric single microring structure with the gain/loss perturbation. We find that this design has much higher modal discrimination than a conventional microring resonator, so it can provide the stable single mode operation. The high modal discrimination can still be maintained in the microring resonator with the slightly unbalanced gain/loss perturbation. Besides, through analyzing a novel PT symmetric single microring structure with the gain/index/loss perturbation, we further demonstrate that the single mode operation is robust even if the gain and loss distribution is strongly unbalanced.
Modal Gain Analysis of Parity-Time-Symmetric Single Microring Laser With Gain/Loss Grating
The schematic plot of the parity-time-symmetric single microring (PTR) laser is shown in Fig. 1 . As shown in Fig. 1(b) , the periodic gain/loss perturbation can be expressed in the form of complex refractive index as:
where l = 0, 1, 2, . . . , 2N − 1. n 0 represents the real part of the waveguide effective refractive index (n 0 = 3.20). g and γ represent the modulated gain/loss perturbation, respectively. Each period of the PTR consists of two different parts: n 1 , n 2 . ϕ 1 and ϕ 2 correspond to the azimuthal angle of the gain region and the loss region in one perturbation period, respectively. The number of perturbation periods is 2N = 1000. The length of each part (Rπ/2N) is set to be identical for simplicity (R is the radius of the microring resonator), and the period of the grating is
The PTR laser structure can be considered as a series of dielectric slices, and each one is characterized by a label i = 1, 2, 3, . . . , 4N. In each slice, the electrical field (E) can be written as the sum of the forward going (E f,i ) and backward going waves (E b,i ). Under the assumption of R >> w (w is the width of the microring waveguide), the wavevector of high order WGMs is mainly along the azimuthal direction, that is k 0 >> k r , k 0 >> k z . Therefore, in each small slice of the microring waveguide, the reflection and transmission of light can be considered as normal to the boundary between adjacent slices as shown in Fig. 1(b) . The optical mode propagating in the azimuthal ϕ direction has a spatial dependence exp(−i n i k 0 R ϕ). Then, the transfer matrix can be used to describe the transmission and reflection of electric fields at each slice as follows:
The transfer matrix of the whole PTR structure can be obtained by multiplying all the transfer matrices of each single slice and can be expressed as:
In order to support a lasing mode, the electric field, E should be able to reproduce itself after one round trip. The lasing threshold condition can be written as:
It implies that the phase accumulated in one round trip at the lasing threshold should be integer multiples of 2π and the net gain provided in the laser structure should exactly compensate the loss (µ in (4) has to be 1). Through an eigenvalue search algorithm [23] - [25] , the lasing wavelength and the corresponding threshold modal gain can be found for each order mode. The dispersion and gain saturation are not included in our current analysis. The full model with dispersion and gain saturation is beyond the scope of this paper and will be discussed elsewhere.
We compare the modal discrimination of different microring laser structures by analyzing the threshold modal gain distribution. The modal discrimination is defined as the modal gain difference between the lowest loss mode and the second lowest mode. Fig. 2(a) shows the threshold modal gain of different order modes in a conventional microring resonator without the gain/loss perturbation. The circle points represent the resonant wavelengths and their corresponding threshold modal gain. It is found that the threshold modal gain for different resonant modes is the same (all is zero). Thus, the modal discrimination is zero. For simplicity, the waveguide loss is ignored in the microring resonator for now. Since the modal discrimination is zero, the mode selection only comes from the non-uniform gain spectrum profile. Thus, multiple modes corresponding to different azimuthal orders will lase at the same time in the conventional microring resonator with high injection currents. As shown in Fig. 2(b) (red line), the modal discrimination is not improved, after a periodic perturbation is introduced in the real part of the waveguide effective refractive index (real index grating only).
Once the PT symmetric gain/loss modulation corresponding to the desired WGM order is introduced, a PTR laser structure is obtained. The threshold modal gain of different order WGMs in this structure is shown in Fig. 2(b) (blue line) . The threshold modal gain of the desired WGM is −25.81/cm. Besides the desired WGM, other undesired ones can also in principle be supported in the microring resonator. The threshold modal gain of the undesired WGMs is the same with that in the microring resonator without the gain/loss perturbation, which is not affected by the PT symmetric gain/loss modulation. Thus, the modal discrimination between the desired WGM and the undesired ones is ∼25.81/cm. This result proves that the PTR laser structure has much larger modal discrimination than a conventional microring resonator or a microring resonator only with the real index grating. So it can provide the robust single mode operation. We find that the PTR laser can start to oscillate with a negative threshold modal gain (the negative modal gain means that the laser can reach the threshold even with additional losses). Fig. 2(c) shows the normalized electric field amplitude of the desired WGM and the adjacent undesired one in the PTR laser structure. Since the microring structure has the continuous rotational symmetry, the electric field distribution for the desired WGM in each period is the same. Only the electric field distribution in two periods is shown. It is found that the undesired WGMs experience balanced gain/loss modulation, whereas the field amplitude of the desired WGM in the gain region is higher than that in the loss region because of the interference of oscillatory waves. This explains why the desired WGM has the lower threshold than the undesired ones. Fig. 2(d) shows that the modal discrimination can be improved with the increased gain/loss perturbation amplitude.
For the PTR laser structure with the perfect PT symmetric gain/loss modulation, the two eigenvalues (μ 1 and μ 2 ) are indicated in (4), which correspond to the lasing mode (the light is interferometrically confined in the gain regions) and the absorption mode (the light is localized in the loss regions), respectively [26] . As shown in Fig. 3 , for the desired WGM, the threshold modal gain of the lasing mode and the absorption mode is different; but for the undesired ones, they still have the same wavelength and threshold gain. The modal gain splitting only happens at the desired WGM, showing that PT symmetry breaking is valid only for the desired WGM order.
In reality, the perfect gain and loss balance cannot be achieved in practical devices. There are always the scattering and absorption losses for the microring waveguide. However, after averaging out the system loss, a gain/loss balanced PT symmetric system can be obtained [21] . This situation can be simulated by introducing an intrinsic average loss in the microring structure. The corresponding complex refractive index profile is written as (5) , where γ 0 represents the average waveguide loss. For example, as shown in Fig. 4 (black line) , the intrinsic attenuation term γ 0 is set to be 0.0005; g = γ = 0.001. It is found that the threshold modal gain of all the WGMs is increased after the intrinsic loss is introduced. The threshold modal gain of the desired WGM is increased to be ∼−5.538/cm. However, the modal discrimination between the desired WGM and the undesired ones is still ∼25.81/cm. For γ 0 = 0.0008 and g = γ = 0.001, the threshold modal gain of the desired WGM becomes positive and is further increased to be ∼6.623/cm. The modal discrimination between the desired WGM and the undesired ones remains the same. It is clear that the modal discrimination is not compromised by the waveguide loss. Besides, in practical devices, the azimuthal angle of the gain region (ϕ 1 ) is difficult to be made exactly the same with the one of the loss region (ϕ 2 ). Fig. 3(b) shows that the modal discrimination remains large if there is a mismatch between ϕ 1 and ϕ 2 . Therefore, the robustness of the single mode operation is still maintained.
Modal Gain Analysis of Parity-Time-Symmetric Single Microring Laser With the Gain/Index/Loss Grating
After a passive region without gain or loss is introduced in the middle between the gain region and the loss region, a novel PT symmetric single microring resonator with the gain/index/loss perturbation is obtained in Fig. 5 . The distribution of the gain/index/loss perturbation is also matched to the desired WGM order. As shown in Fig. 5 , the periodic gain/index/loss perturbation can also be expressed in the form of complex refractive index as:
where l = 0, 1, 2, . . . , 3N − 1. Each period of the PTR consists of three different parts: n 1 , n 2 , n 3 . ϕ 1 , ϕ 2 and ϕ 3 correspond to the azimuthal angle of the three distinct parts in one gain/index/loss perturbation period, respectively. All the other device parameters are the same as above. Fig. 6(a) shows that the threshold modal gain of the lasing mode and the absorption mode for the desired WGM if g' = γ' = 0.001, R ϕ 1 = R ϕ 2 = R ϕ 3 = R ϕ 0 = 40 nm, and the modal discrimination between the desired WGM and the undesired ones is ∼19.35/cm, which means that this type of PT symmetric single microring resonator can also provide the high modal discrimination. Fig. 6(b) shows the threshold modal gain variation of the lasing mode and the absorption mode for the desired WGM as a function of the gain/loss perturbation amplitude. It is found that the microring laser structure with the gain/index/loss gratings also manifests thresholdless PT symmetry breaking. As we discussed in the above section, the perfect gain and loss balance is difficult to be achieved in practical devices, which leads to the quasi-symmetric gain/index/loss distribution. Fig. 6(c) shows that the variation of the modal discrimination as a function of the ratio between γ' and g', if g' is fixed at 0.001, and ϕ 1 , ϕ 2 , ϕ 3 are set to be the same. The modal discrimination is not reduced, instead that it is improved with the increased ratio between γ' and g . The increased loss results in the larger gain/loss contrast for the desired WGM and higher loss for the undesired WGMs, which lead to the increased modal discrimination.
In practical devices, it is also difficult to obtain the same ϕ 1 , ϕ 2 , ϕ 3 in the PT symmetric single microring with the gain/index/loss perturbation. Fig. 7 shows the variation of the modal discrimination as the function of the varied duty cycles in three different situations: (a) ϕ 2 is set to be the same with ϕ 0 , and ϕ 1 /ϕ 3 is varied; (b) ϕ 1 is set to be the same with ϕ 0 , and ϕ 2 /ϕ 3 is varied; (c) ϕ 1 is set to be the same with ϕ 3 , and ϕ 2 /(ϕ 1 + ϕ 3 ) is varied. The azimuthal angle of each period remains the same under all the three different situations. From Fig. 7 , we can find that the large modal discrimination can still be maintained in the quasi PT symmetric single microring resonator even if there is a large variation of duty cycle. The unbalanced gain/loss and the varied duty cycles will not compromise the modal discrimination. Thus, the quasi PT symmetric single microring resonator still provides the robust single mode operation even under the condition with the unbalanced gain/loss and duty cycle. 
Conclusion
In summary, we use the transfer matrix method to analyze the threshold modal gain for different WGMs in the PT symmetric single microring resonator with the gain/loss grating and the one with the gain/index/loss grating. Only one desired WGM can reach the PT symmetry breaking even if the pump current is increased to be high above threshold. All other undesired WGMs still experience the balanced gain and loss. These types of PT laser structures have higher modal discrimination and lower threshold modal gain, which can improve the single mode operation performance for microring lasers. Even if there are the unbalanced gain/loss perturbation amplitudes and the varied duty cycles in the PT symmetric single microring resonator, the large modal discrimination will still be maintained.
